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ABSTRACT

The continuously increasing power of modern supercomputers renders the application of more and more accurate parameter-
free models to systems of increasing complexity feasible. Consequently, it becomes possible to even treat different real-
structure effects such as alloying or n-doping in systems like the technologically important transparent conducting oxides.
In this paper we outline how we previously used a combination of quasiparticle calculations and a cluster expansion scheme
to calculate the fundamental band gap of MgxZn1−xO and CdxZn1−xO alloys. We discuss the results in comparison to
values for In2O3, SnO2, SnO, and SiO2. In addition, we discuss our extension of the Bethe-Salpeter approach that has
been used to study the interplay of excitonic effects and doping in n-type ZnO. The dependence of the Burstein-Moss shift
on the free-carrier concentration is analyzed.

Keywords: real-structure effects, ab initio electronic structure methods, fundamental band gaps, optical absorption, alloy,
degenerate electron gas

1. INTRODUCTION

The transparent conducting oxides (TCOs) form a highly interesting class of materials, 1 especially because the realization
of transparent electronic2 components has numerous consumer electronics applications with a large economic potential.
In addition, such components are also beneficial, for instance, for photovoltaic applications. 3, 4 Large fundamental band
gaps are a common feature of the different TCOs and explain their transparency for visible light that even extends into the
ultraviolet (UV) spectral region. Oftentimes the TCOs are found to be intrinsically n-type and, hence, conductive.

The large interest in the TCOs has lead to significant efforts to understand their basic properties. Consequently, ground-
state properties5 such as lattice constants and cohesive energies, but also the electronic structures and the optical proper-
ties6, 7 of the bulk oxides MgO, ZnO, and CdO are well understood both theoretically and experimentally 8, 9, 10 nowadays.
However, in order to optimize a material for a certain application, it is typically desirable or even necessary to tune certain
properties. In this context, the alloying of two or more materials has been successfully applied to tailor, for instance, the
lattice parameters or the fundamental band gaps. 11, 12, 13 While the intrinsic electron conductivities of the TCOs are too low
for applications, the free-carrier concentrations can be significantly enhanced by means of n doping. 14, 15

In this short review paper we outline how two ab-initio techniques, that belong to the realm of many-body pertur-
bation theory, can be used and extended to take two different real-structure effects into account and, hence, prove very
helpful for computer-aided materials design. In Section 2 we compare numerical results for the fundamental band gaps
of MgxZn1−xO and CdxZn1−xO alloys, that are computed by combining quasiparticle (QP) calculations with a cluster
expansion approach,16 to the band gaps of several other TCOs. In Section 3 we discuss the impact of excitonic effects
and n doping on the optical absorption edge of ZnO and, in particular, we quantify the differences between results from
parameter-free calculations of the Burstein-Moss shift (BMS) and values obtained using a parabolic two-band model.
Section 4 summarizes the paper.
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Figure 1. (Color online) Quasiparticle band gap as a function of the smallest cation-cation distance for isostructural wz (squares) and rs
(small dots) as well as heterostructural (stars) MgxZn1−xO and CdxZn1−xO alloys. Configurational averages are depicted as calculated
from the MDM (black), the SRS (green) as well as the GQCA for T = 300 K (blue) and T = 1100 K (red). In addition, the QP band
gaps of rh-In2O3, rt-SnO2, lt-SnO, and β-SiO2 are indicated.

2. MgxZn1−xO AND CdxZn1−xO ALLOYS

The potential for band-gap tailoring renders pseudobinary alloys of MgO, ZnO, and CdO interesting for optoelectronic
applications and devices. In experiments it has been found 11, 12, 13 that the absorption onset can be shifted further into the UV
spectral region, e.g., from about 3.4 eV [wurtzite- (wz) ZnO] up to ≈ 4.4 eV (Mg xZn1−xO). The band gap of pseudobinary
CdxZn1−xO can be decreased into the visible spectral range.17, 18 By combining recent theoretical-spectroscopy approaches
with a cluster-expansion scheme, it is possible to understand the electronic and optical properties of the group-II oxide
alloys as well as how different growth conditions influence these, based on ab-initio calculations. 16, 19, 20, 21 Since the
equilibrium crystal structures of these oxides [wz and rocksalt (rs)] are dissimilar, their heterostructural combination is of
particularly high interest.

The thermodynamic properties and the structural composition of iso- and heterostructural Mg xZn1−xO and CdxZn1−xO
alloys have been discussed in Ref. 19. Their electronic structure and optical properties, calculated via the HSE+G 0W0

scheme22, 23, 24 and the Bethe-Salpeter equation (BSE),25, 26 respectively, are presented in Refs. 16, 20, 21. The result in
Fig. 1 shows configurational averages for the difference of the QP energies of the lowest conduction-band (CB) state and
the highest valence-band state obtained for thermodynamic equilibrium [based on the generalized quasi-chemical approx-
imation27, 28 (GQCA)] as well as non-equilibrium [using the strict-regular solution (SRS) model 29 and the microscopic
decomposition model19 (MDM)] conditions. Significant deviations from the linear variation of the fundamental band gap
with the second-nearest-neighbor distance can occur for the GQCA as well as the SRS model. The bowing of the SRS
curves, i.e. their deviation from a linear behavior, is larger for the compounds in the rs crystal structures. In addition, it can
be seen that there is a strong temperature dependence of the results for the heterostructural alloys. Therefore, we conclude
that the preparation conditions sensitively affect these results since they have an impact on the cation distribution which
influences both lattice geometries and band gaps. Comparing bowing parameters, e.g. for the composition dependence of
the fundamental band gaps to experimental results and to other calculated results shows satisfactory agreement. 16, 20, 21

In this work we want to discuss configurational averages for the fundamental band gaps of the Mg xZn1−xO and the
CdxZn1−xO alloys and, hence, their absorption edges with respect to the QP band gaps of the other oxides SnO 2, SnO,
In2O3, and SiO2. For that reason, Fig. 1 also contains the fundamental band gaps of rh-In 2O3 (cf. Ref. 30), rt-SnO2 (Ref.
31), lt-SnO (Refs. 32, 33), and β-SiO2 (Refs. 34, 35) calculated within the HSE+G0W0 approach. From this figure it can
be seen that combining In2O3, SnO2, and ZnO will allow for a tuning of the lattice constant, whereas the influence on the
band gap remains small. Indeed, material combinations such as tin-doped indium oxide 36 or zinc-indium-tin oxide37 exist.
On the other hand, the introduction of SiO2 should allow for a tuning of the band gap of the alloy without influencing the
lattice parameter too much. Mixing ZnO with SnO can be a way to increase the lattice parameter in the alloy while, at the
same time, decreasing the fundamental band gap even more than by alloying with CdO.
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Figure 2. (Color online) (a) Calculated optical absorption coefficients of undoped (black) and n-doped ZnO for ordinary light polariza-
tion. A free-electron concentration of n = 1.9 × 1019 cm−3 (red) or n = 4.8 × 1019 cm−3 (blue) has been taken into account in the
calculations. (b) Dependence of the Burstein-Moss shift (BMS) on the free-electron concentration as calculated from the full ab-initio
approach (black curve) and the two-band model (red curve). (c) Visualization of the two-band model.

3. INFLUENCE OF n-DOPING

As pointed out before, the TCOs are typically n doped to significantly increase their conductivity, making them suitable
for device applications. In ZnO samples, for instance, free-electron concentrations of more than 5 × 10 20 cm−3 can be
achieved by means of doping with aluminum 14 or indium.15 The presence of such a degenerate electron gas in the CBs
of any material is expected to strongly modify the optical properties, especially in the vicinity of the absorption onset.
Therefore, we extended the Bethe-Salpeter approach to account for the partial occupation of the lowest CB states as well
as for the impact on the screening of the electron-hole interaction. 21, 38

As elucidated in Refs. 21,38 the additional screening due to the free electrons in the lowest CB can be described within
the Thomas-Fermi model for typical doping concentrations. In this case the presence of the free carriers modifies the
screened electron-hole interaction in such a way that it can be described by a Yukawa potential with an inverse screening
length that is calculated from the respective free-electron density. In addition, the degenerate electron gas occupies the
lowest CB states which is why the respective optical transitions are forbidden [cf. schematic plot in Fig. 2(c)]. This Pauli
blocking leads to an enlargement of the optical gap, which is also called BMS 39, 40 and whose magnitude depends on
the density of the degenerate electron gas. By taking these effects into account when solving the BSE we are able to
disentangle their interplay and we explain how they affect the optical-absorption properties. 21, 38 Ultimately, we investigate
the combined effect of the modified electron-hole interaction and the Pauli blocking on the excitons.

Here we briefly summarize our results that we computed for the two free-electron concentrations of 1.9 × 10 19 cm−3

and 4.8 × 1019 cm−3 in wz-ZnO.21, 38 Figure 2(a) shows the optical absorption coefficient calculated for undoped ZnO
as well as the results computed for these two cases with doping. From comparing these curves it is clear that already
for moderately large free-electron densities the additional screening is strong and the characteristic excitonic peak at the
absorption onset of undoped ZnO is not visible anymore. In addition, the effect of the BMS is visible as the absorption
onset occurs at higher photon energies with increasing free-electron concentration. Comparison to experiment 41 shows
excellent agreement, as discussed in detail in Refs. 21, 38.

Since the Yukawa potential, as a short-range interaction, has no bound states for screening lengths below a certain
value42, 43 (i.e. for free-electron concentrations that exceed a critical value) the possibility of an excitonic Mott transition is
discussed in the literature.44 Mahan studied this question for a two-band model system consisting of one filled valence band
and additional free electrons in the lowest CB and concluded that the Pauli blocking modifies the electron-hole interaction
in such a way that the bound excitonic state does not vanish for finite free-electron concentrations. 45 Instead, a Mahan
exciton with modified binding energies and oscillator strengths persists. Using the results of our ab-initio calculations
of the exciton binding energy (and oscillator strength) of the lowest bound electron-hole pair state we confirm Mahan’s
findings for ZnO.21, 38 However, we find a rather continuous decrease of the binding energy and the oscillator strength such
that it is difficult to exclude the Mott transition based on measured absorption spectra.

In order to quantify the Burstein-Moss shift we compare in Fig. 2(b) results obtained from the band structure that has
been used to set up the excitonic Hamiltonian to numbers computed in a parabolic two-band model. Assuming a parabolic
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valence and a parabolic CB [cf. Fig. 2(c)] and using the valence-band maximum as energy zero, the BMS ΔE BMS
g (nc)

immediately follows from

ΔEBMS
g (nc) = εQP

c (kc)− εQP
v (kc)− Eg =

h̄2k2c
2mc

+
h̄2k2c
2mv

, (1)

where mc and mv are the effective masses of the CB and the valence band, respectively, and n c denotes the free-electron
concentration in the material. This free-electron concentration is related to the respective Fermi vector k c by means of

kc =
(
3π2nc

) 1
3 . (2)

Using Eq. (2) and the definition of the reduced mass of the electron-hole pair, μ = m cmv/ (mc +mv), Eq. (1) becomes

ΔEBMS
g (nc) =

h̄2k2c
2μ

=
h̄2

(
3π2nc

) 2
3

2μ
. (3)

For ZnO we use mc = 0.3m andmv = 0.5m (cf. Ref. 46) to evaluate Eq. (3),m being the free-electron mass, and compare
the result to our findings from the full band structure in Fig. 2(b). This figure clearly points out how the approximate
treatment within the two-band model is only valid for small free-carrier concentrations. Already for experimentally easily
achievable concentrations of about 2×1020 cm−3 the difference is larger than 0.1 eV due to the non-parabolicity of the
corresponding bands. Only when the occupation of the CB is restricted to the close vicinity of the Γ point, the parabolic
model is a good approximation.

We also want to emphasize that in addition to the BMS there is the so-called band-gap renormalization due to the
free carriers in the system. In Refs. 21, 38 this many-body effect is described using the model given by Berggren and
Sernelius,47, 48 which leads to an effective band-gap shrinkage almost as large as the band-gap increase due to the BMS. 21, 38

4. SUMMARY

In this paper we outlined how the HSE+G0W0 approach in combination with a cluster-expansion scheme can be applied
to study, for instance, the fundamental band gap of Mg xZn1−xO and CdxZn1−xO alloys. From the comparison of the
configurational averages to the fundamental band gaps of other TCOs we pointed out what the respective effect on the
band gaps or the lattice parameters are, when these materials are combined for device applications.

In addition, we summarized our extension of the BSE first-principles approach to consistently account for the band-gap
renormalization, the Pauli blocking of optical transitions, the reduction of the electron-hole attraction, and the occupation-
induced modifications of the electron-hole interaction that occur in n-doped materials. This parameter-free framework has
previously been shown to describe the frequency-dependent absorption coefficient of n-ZnO, especially around the onset,
in excellent agreement with experimental results and is capable of describing the Mahan-like exciton in the doped system.
The dependence of the Burstein-Moss shift on the free-carrier concentration has been discussed.
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