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Abstract. Isostructural and heterostructural pseudobinary MgxZn1−xO and
CdxZn1−xO alloys are studied by combining the wurtzite and the rocksalt
polymorphs within a cluster expansion. The computationally demanding
calculation of the quasiparticle electronic structure has been achieved for all
cluster cells of the expansion using the recently developed HSE03 + G0W0

scheme. These results are used to compute the configurational averages for
the fundamental band gaps and the densities of states. A strongly nonlinear
behavior of the band gaps is observed and it is quantified by means of
the corresponding bowing parameters for both material systems. In order to
calculate the macroscopic dielectric functions, including excitonic and local-
field effects for iso- and heterostructural MgxZn1−xO alloys as well as wurtzite
(wz) CdxZn1−xO, the Bethe–Salpeter equation has been solved for each of the
corresponding clusters. The respective configurational averages indicate that the
composition-dependent variation in the exciton peaks allows conclusions on the
alloy composition and preparation conditions.
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1. Introduction

In the context of modern optoelectronics, oxide materials experience an ongoing boom [1],
which is mostly triggered by their impact on green-energy [2, 3], intelligent-materials [4]
and transparent-electronics [5, 6] applications. An efficient combination of electrical and
optical components is desirable, for instance, to exponentiate the signal processing speed in
networking technology. For different group-II oxides, in addition to their large fundamental
band gaps [7], a certain conductivity has been achieved by means of intentional [8–10] as
well as unintentional [11, 12] n-doping. Consequently, these materials combine transparency in
the optical spectral range and electrical conductivity under ambient conditions. As transparent
conducting oxides (TCOs), they are currently of particular interest for the so-called ‘transparent
electronics’ or ‘oxide electronics’ [13, 14].

Since their fundamental band gaps span a range of several electronvolts, MgO, ZnO and
CdO are interesting as alloys or heterostructures, especially when going beyond the better
understanding of materials towards tailoring certain structural or electronic properties for
different applications [14–18]. It is confirmed experimentally [15, 16, 19] that the absorption
onset can be tuned from about 3.4 eV in wurtzite (wz) ZnO up to ≈ 4.4 eV in MgxZn1−xO, which
makes the ultraviolet spectral region accessible. Conversely, pseudobinary CdxZn1−xO alloys
feature smaller gaps, rendering them suitable for devices that operate in the visible spectral
range [17, 20, 21].

However, in contrast to many nitride-based alloy systems, the combination of the group-
II oxides in alloys and heterostructures is more difficult, since ZnO crystallizes in the
hexagonal wz structure under ambient conditions, whereas the most stable polymorph of
MgO and CdO is the rocksalt (rs) one [22, 23]. The composition of such a heterostructural
New Journal of Physics 13 (2011) 085012 (http://www.njp.org/)

http://www.njp.org/


3

alloy system can strongly depend on the preparation (growth, deposition, etc) conditions.
While the thermodynamic properties and structural composition of iso- and heterostructural
MgxZn1−xO and CdxZn1−xO alloys have been investigated, taking into account different
preparation conditions [24], these questions will be answered for the electronic structure and
optical properties in this work. Thus, understanding the evolution of the fundamental band gap
with varying composition, crystal structure and preparation conditions is of great fundamental
interest as well as practical relevance. In particular, band-gap bowing, i.e. the deviation of the
fundamental band gap from a linear behavior with varying temperature or composition of the
alloy system, is important. Since the definition of a band gap for an alloy system can be more
involved [25], integrated quantities, such as the densities of states (DOSs) or the dielectric
functions (DFs), are also investigated in this work.

Here, a combination of modern parameter-free theoretical-spectroscopy techniques and a
cluster expansion method is used to explore the electronic structure and optical properties of
iso- and heterostructural MgxZn1−xO and CdxZn1−xO alloys. In section 2, the methodology is
described and the computational details are given. The quasiparticle (QP) electronic structure
of the alloys is discussed in detail in section 3, followed by an investigation of the optical
properties in section 4. Throughout, the computed results are discussed with respect to the
available experimental data. Finally, the paper is summarized in section 5.

2. Theoretical and computational approach

2.1. Cluster expansion and cluster fractions

In this paper, theoretical approaches are employed based on a cluster expansion method that
has been developed to describe isostructural as well as heterostructural pseudobinary alloys of
the type AxB1−xC. While the approach is briefly summarized in the following, it is described in
greater detail in [24, 26–29].

An isostructural, pseudobinary alloy AxB1−xC consists of N atoms of type C on the anion
sub-lattice and a total of N atoms of type A and B on the cation sub-lattice. For the cluster
expansion, the macroscopic alloy is divided into M clusters, each of which consists of 2n atoms
(n anions and n cations) [24, 26, 30, 31]. Consequently, the total numbers of cations and anions
is N = nM . Due to the symmetry of the crystal lattice, all possible clusters can be grouped
into J + 1 different classes. Each class j ( j = 0, . . . , J ) comprises g j clusters of the same total
energy ε j . The number of cations of species A in each class is denoted by n j .

The macroscopic alloy is built of a set of {M0, M1, . . . , MJ } clusters. Hence, a single class
j contributes with its cluster fraction x j = M j/M . Since the x j describe the statistical weights
of all clusters, it holds that

∑J
j=0 x j = 1.

For both the rs and the wz polymorphs of the oxides studied in this work, 16-atom
supercells (n = 8) are used to simulate the clusters [24, 30]. Thus, 256 clusters occur in total for
each material system; they can be grouped into J + 1 = 22 (wz) or J + 1 = 16 (rs) classes due
to their point-group symmetries. More specifically, the atomic geometries described in [24] are
employed in this work.

Within this framework any property P of the macroscopic alloy is connected to the
respective properties Pj of the individual clusters via the Connolly–Williams formula [31, 32],

P(x, T ) =

J∑
j=0

x j(x, T ) Pj . (1)

New Journal of Physics 13 (2011) 085012 (http://www.njp.org/)
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Fluctuations around the configurational averages can be described via the mean-square
deviations,

1P(x, T ) =

√√√√ J∑
j=0

x j(x, T ) P2
j − P2(x, T ). (2)

Since the weights x j(x, T ) can depend on the composition x of the alloy as well as the
temperature T , it is possible to account for the influence of different preparation conditions [24].
In this work, three different situations are identified:

1. The thermodynamic equilibrium is described by cluster fractions that lead to a minimum of
the Helmholtz free energy F(x, T ). In this case, the so-called generalized quasichemical
approximation (GQCA), the weights are given by

xGQCA
j (x, T ) =

g jη
n j e−β1ε j∑J

j ′=0 g j ′ηn j ′ e−β1ε j ′
, (3)

where β = 1/kBT , 1ε j is the excess energy of cluster j (see [24, 31] for the definition),
and η is determined by minimizing F(x, T ) under the constraint

∑J
j=0 n j x j = nx [24, 31].

2. Within the strict-regular solution (SRS) model [29], the ideal cluster fractions

x0
j = g j xn j (1 − x)n−n j (4)

are employed, which arise from a purely stochastic distribution of the clusters. They are
independent of the temperature and the clusters’ excess energies; hence, this case can be
interpreted as the high-temperature limit of the GQCA [24].

3. The microscopic decomposition model (MDM) assumes that the cations of type A (B) are
more likely to occur close to cations of type A (B) [24]. This is realized by cluster fractions
that interpolate linearly between the binary end components, i.e.

xMDM
j =

1 − x for j = 0,

x for j = J,

0 otherwise.
(5)

Within the MDM, mixing does not lead to a gain in internal energy, which can be the case
under certain preparation conditions. For positive excess energies, the MDM represents the
low-temperature limit of the GQCA.

In this work, the results for the two isostructural rs and wz alloys are compared with those
of the heterostructural one. Thereby, the index j accordingly runs to J = 21 (isostructural wz
system), J = 15 (isostructural rs system) or J = 37 (heterostructural alloy) [24].

2.2. Computational details

The QP electronic structures as well as the input for computing the macroscopic DFs are
calculated using the Vienna ab initio simulation package (VASP) [33–36]. Throughout, the
Mg 2p and Mg 3s as well as the O 2s and O 2p electrons are treated as valence electrons. For
Zn and Cd, the Zn 3d and Cd 4d states are included as valence states, respectively, together
with the Zn 4s and Cd 5s electrons. In order to obtain converged results for the pseudobinary
alloys, a plane-wave cutoff energy of 450 eV is chosen. Moreover, the projector-augmented
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wave (PAW) method is applied to describe the wave functions in the core regions [37–39]. The
optical transition-matrix elements that are necessary to compute the DFs are calculated in the
longitudinal approximation [36].

2.3. Quasiparticle (QP) electronic structure

A description of the QP electronic structure of the macroscopic alloys by means of the cluster
expansion method requires the respective QP electronic structure of all different clusters that
occur in the expansion. Currently, Hedin’s GW approximation [40], 6 = ih̄GW , is the state-
of-the-art approach for calculating the electronic self-energy 6. Thereby, W is the dynamically
screened Coulomb potential and G denotes the single-particle Green’s function [41, 42]. Solving
the QP equation including 6 leads to an electronic structure that accounts for the reaction of the
electrons to the single-particle excitation that occurs e.g. in photoemission experiments. Thus,
the resulting electronic states can be compared to the measured photoemission spectra or band
structures from angle-resolved photoemission spectroscopy.

Usually, QP energies are obtained by correcting an initial electronic structure from the
solution of the Kohn–Sham equation [43] within density-functional theory [44] (DFT) by
means of first-order perturbation theory [45]; this approach is denoted by G0W0 and requires
an initial electronic structure not too far from the final results. For the oxides studied in this
work, DFT based on a generalized-gradient approximation (GGA) to exchange and correlation
drastically underestimates the fundamental band gaps, the valence-band (VB) widths and
the binding energies of the d bands [23]. Therefore, a better starting point for the initial
electronic structure is crucial. It has been shown for several oxides that the HSE03 hybrid
functional [46, 47] provides an excellent starting point for the G0W0 calculation, since the values
for the fundamental band gaps as well as the d-band binding energies are reasonably close to
experimental findings [7, 48–53].

In this work, 0-centered 3 × 3 × 3 Monkhorst–Pack [54] (MP) k-point meshes along
with at least 1100 conduction bands (CBs) have been used to carry out the HSE03 + G0W0

calculations, which yield QP energies converged to within 0.1 eV. These results have been used
for the calculation of the DOSs that are discussed (including a Gaussian broadening of 0.1 eV)
in sections 3.5 and 3.6. With respect to previous calculations [7, 48, 49], the shape of the all-
electron charge density is more accurately reproduced on the plane-wave grid in this work,
because higher moments have been taken into account within the PAW implementation of the
GW scheme [35, 55]. While this does not influence the HSE03 results, it has an impact on the
G0W0 calculations, since they lack (for computational reasons) an exact implementation of the
one-center terms [35, 56]. As a consequence, the fundamental band gap of wz-ZnO is about
0.29 eV smaller than discussed earlier [7, 48, 49]. For rs-MgO and rs-CdO, the influence has
been found to be not larger than 0.1 eV. Even though this method slightly underestimates the
fundamental gaps, it is well suited to the description of the QP electronic structure of the alloys
as well as the trends with varying composition or preparation conditions.

For bulk MgO, ZnO and CdO, the influence of the spin–orbit interaction has also been
calculated [7, 48], even taking strain [57] as well as non-equilibrium crystal structures [49]
into account. It has been found that the spin–orbit coupling (SOC) only slightly modifies the
Kohn–Sham states and, hence, the impact on the screened Coulomb potential W is expected
to be small. Therefore, it is well justified to neglect the influence of the spin–orbit interaction
on the QP corrections in order to obtain QP energies that account for the SOC-related effects.

New Journal of Physics 13 (2011) 085012 (http://www.njp.org/)
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Consequently, QP energies including SOC are obtained by adding QP shifts calculated without
SOC to HSE03 eigenvalues that include spin–orbit interaction effects [39, 49, 57]. This
approach, inspired by perturbation theory, is expected to produce reasonable results, especially
because the absolute spin–orbit-induced shifts are small compared with the QP corrections for
the materials studied in this work. It is employed to calculate the QP energies described in
sections 3.1–3.4.

2.4. Dielectric function (DF): excitonic and local-field effects

In order to describe the optical absorption properties of the alloys, their frequency-dependent
macroscopic DF is studied as the central quantity. It has been shown before that for its
accurate description, the attractive electron–hole interaction is significant in MgO, ZnO and
CdO [7, 48]. In addition, it is essential to take LFEs into account for the calculation of the
macroscopic DFs. Both are achieved by solving [58, 59] the Bethe–Salpeter equation (BSE)
for the optical polarization function [42, 60, 61]. For the actual solution of the integral BSE,
it is typically transformed into an eigenvalue problem for the excitonic electron–hole pair
Hamiltonian [62–64],

Ĥ(cvk, c′v′k′) =
[
εQP

c (k) − εQP
v (k)

]
δcc′δvv′δkk′ − W (cvk, c′v′k′) + 2v̄(cvk, c′v′k′). (6)

In equation (6), the first summand on the main diagonal represents the excitation of non-
interacting quasielectron–quasihole pairs with excitation energies that are determined as the
difference in the QP energies εQP of the CB (c) and VB (v) states at each k point of the
Brillouin zone (BZ). Their interaction is described by the second and third terms, which contain
the statically screened Coulomb attraction of the electron and the hole, −W , as well as the
unscreened electron–hole exchange, 2v̄, to account for the optical LFEs [42, 65].

To calculate converged results for optical spectra, two partially competing requirements
have to be fulfilled: while the investigation into high-energy optical transitions necessarily
demands the inclusion of a large number of CBs, a thorough description of the low-energy
optical transitions requires a fine k-point sampling of the BZ to converge Wannier–Mott-
like bound excitonic states and, hence, the spectral shape of the absorption onset [66]. Both
requirements independently lead to very high computational costs, not only for the calculation
of the starting electronic structure but also for that of the excitonic Hamiltonian itself. This will
be addressed in the following.

The method introduced in section 2.3 has successfully been applied to calculate the QP
electronic structure of MgO, ZnO and CdO [7, 48–52]. However, due to the extremely high
computational cost of the HSE03 + G0W0 approach, a problem arises when many more k
points or bands have to be taken into account. In particular, computing the matrix elements
in the BSE Hamiltonian, equation (6), by means of the HSE03 + G0W0 method would impose
impossibly high demands on memory and processor power [47]. To circumvent this problem,
the HSE03 + G0W0 eigenvalues and wave functions are mimicked by those of a GGA + U
approach with an additional scissors shift 1 [7, 48, 58, 59]. Here, the GGA + U scheme of
Dudarev et al [67] is applied together with the PW91 GGA parametrization of Perdew and
Wang [68, 69]. The scissors operator [41] 1 approximately describes the QP effects by rigidly
shifting all CBs. In this work, the two parameters U and 1 are fixed based on a comparison
with the HSE03 + G0W0 results: while U is adjusted in such a way that the energetic position
of the d bands obtained from the GGA + U calculation matches the HSE03 + G0W0 one,
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1 is used to enlarge the fundamental gap until it is identical to the HSE03 + G0W0 value for
each cluster. It has been shown before that U = 6.5 eV (U = 4.5 eV) fulfills this requirement
for the Zn 3d (Cd 4d) electrons [7]. Moreover, the calculation of W in equation (6) requires
a reasonable approximation for the screening in the system. Instead of using merely a static
dielectric constant, a model function [70, 71] is employed, which requires the electronic static
dielectric constant ε∞ as the input parameter. In this work, the value calculated within the
random-phase approximation (RPA), i.e. based on each individual cluster’s GGA + U electronic
structure, is used.

In this work, two different k-point meshes are employed to sample the BZ when computing
the DFs: optical transitions with excitation energies below 5.8 eV (within GGA + U ) are studied
using a 9 × 9 × 9 MP k-point mesh; all higher excitations are calculated using a 4 × 4 × 4 mesh.
In both cases, the k points are shifted by a small random vector. This shift of the entire k grid
lifts symmetry degeneracies inherently present in MP k-point sets and therefore improves the
convergence of the respective optical quantities [7].

Despite this strategy, very large matrices with ranks of up to 230 000 are obtained for the
alloys, which equal several 10 to several 100 gigabytes worth of memory and hard-disk space.
Fortunately, the prohibitively expensive direct diagonalization of these matrices can be bypassed
by transforming the calculation of the DF into an initial-value problem that is treated using an
efficient time-evolution scheme [65, 72]. This approach scales quadratically with the rank of the
excitonic Hamiltonian and therefore allows the treatment of such large matrices. To account for
broadening mechanisms that are relevant in the experiment, e.g. those due to finite lifetimes or
temperatures, a Lorentzian broadening of 0.1 eV is applied to the calculated DFs.

3. Electronic structure

In the following, the cluster expansion method as presented in section 2.1 is used to compute
the band structures and DOSs of the alloys based on the respective quantities calculated within
the HSE03(+SOC) + G0W0 approach (cf section 2.3) for all individual clusters. Thus, it is
important to study the QP energies of different clusters on a common absolute energy scale.
In order to align the QP energies of the individual clusters, the branch-point energy [73–77]
(BPE) is considered as the universal level of reference. At the branch point, the bands change
their character from predominantly acceptor-like (usually VB states) to donor-like (usually CB
states). It is assumed that the global Fermi level is pinned at the BPE, which leads to an energetic
alignment of the cluster configurations in the alloys. Here, the BPEs are calculated for each
cluster (cf table 1) using a modified Tersoff approach [77]. Since 16-atom supercells are studied
in this work, the number of bands involved in the averaging procedure (equation (1) in [77])
was adjusted accordingly, leading to a total of eight CBs and 16 VBs for both the wz and the rs
crystal structures.

3.1. QP energies: isostructural wurtzite (wz) alloys

The difficulty of defining a band structure for pseudobinary alloys arises from a broken
translational symmetry in these systems [25]. In the following, this is illustrated for the
MgxZn1−xO and CdxZn1−xO alloys. The QP energies (including SOC) of the lowest CB and
the uppermost three VBs at the 0 point of the BZ have been calculated and aligned using the
BPE (see table 1) for each cluster. For the bulk crystals in the wz structure, which represent
the binary end components of the alloys, these states are classified as 05 and 01 (without SOC)
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Table 1. Fundamental band gaps Eg, j (in eV) of the individual clusters
Xn j Zn8−n j O8 (X = Mg, Cd) of the cluster expansion of XxZn1−xO alloys
calculated using the HSE03 + SOC + G0W0 method. In addition, the branch-point
energies EBPE, j (in eV) are given with respect to the VBM. The cluster class j
and the number n j of cations of type X are indicated (cf [24]).

j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j

wz-Mgn j
Zn8−n j O8

0 0 2.92 3.27 6 3 4.10 3.83 12 4 4.55 4.10 18 6 5.29 4.34
1 1 3.29 3.45 7 3 3.97 3.70 13 4 4.43 3.95 19 6 5.17 4.23
2 2 3.59 3.56 8 4 4.21 3.78 14 5 4.75 4.04 20 7 5.77 4.57
3 2 3.64 3.59 9 4 4.34 3.87 15 5 4.91 4.20 21 8 6.19 4.73
4 2 3.76 3.69 10 4 4.39 3.92 16 5 4.71 4.03
5 3 3.93 3.69 11 4 4.28 3.80 17 6 5.39 4.43

j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j

rs-Mgn j Zn8−n j O8

0 0 2.88 3.33 4 3 3.94 3.65 8 4 4.20 3.77 12 6 6.02 4.84
1 1 3.15 3.41 5 3 3.73 3.63 9 4 3.98 3.76 13 6 4.87 4.07
2 2 3.50 3.52 6 4 5.03 4.33 10 5 5.49 4.58 14 7 6.61 5.07
3 2 3.34 3.52 7 4 5.07 4.38 11 5 4.51 3.91 15 8 7.49 5.43

j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j

wz-Cdn j Zn8−n j O8

0 0 2.92 3.27 6 3 1.92 2.80 12 4 1.66 2.67 18 6 1.28 2.50
1 1 2.53 3.10 7 3 1.93 2.81 13 4 1.69 2.69 19 6 1.24 2.46
2 2 2.17 2.90 8 4 1.56 2.59 14 5 1.47 2.58 20 7 1.10 2.41
3 2 2.24 2.97 9 4 1.69 2.71 15 5 1.45 2.57 21 8 0.96 2.33
4 2 2.23 2.95 10 4 1.65 2.67 16 5 1.42 2.54
5 3 1.86 2.75 11 4 1.68 2.68 17 6 1.26 2.48

j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j j n j Eg, j EBPE, j

rs-Cdn j Zn8−n j O8

0 0 2.88 3.33 4 3 1.61 2.73 8 4 1.01 2.32 12 6 0.91 2.36
1 1 2.04 2.78 5 3 1.10 2.27 9 4 0.96 2.32 13 6 1.00 2.42
2 2 1.78 2.73 6 4 1.49 2.75 10 5 0.95 2.37 14 7 0.78 2.43
3 2 1.22 2.23 7 4 1.47 2.73 11 5 0.90 2.34 15 8 0.75 2.48

or 07−, 07+ and 09 (with SOC), respectively [49, 57, 78]. The energetic splittings between
these states are due to the crystal field or the spin–orbit interaction. However, such a symmetry
classification is no longer possible for the clusters that contain two different types of cations,
since, due to the reduced symmetry, these definitions do not hold anymore. Even in the absence
of SOC, all three states at the top of the VBs are non-degenerate for intermediate compositions
x . Hence, a clear assignment to the crystal-field splitting and the SOC-induced splitting is not
feasible because interpreting the band structures of alloys in terms that only exist for the binary
end components is impossible.

In addition, it is not straightforward to relate the energy states that occur in different
16-atom cluster cells. Hence, they are simply grouped according to their energetic ordering.
However, information about possible crossings cannot be obtained, as will be discussed below.
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Figure 1. QP energies (including SOC) of the uppermost three VB states and the
lowest CB state at the 0 point for wz-MgxZn1−xO (a) and wz-CdxZn1−xO (b)
alloys versus composition x . The BPE has been used as zero energy. Cluster
fractions from the GQCA for T = 300 K (blue curves) and T = 1100 K (red
curves) have been used. The solid green lines are obtained using the ideal
cluster fractions and the black curves, representing the result from the MDM,
are included for comparison. For the binary end components, the band ordering
is indicated.

Instead of generalizing the picture of the alloys’ band structure [25], equation (1) is used
together with the different cluster fractions to calculate the configurational averages for the
QP energies at 0 within the GQCA, the SRS model and the MDM as a function of x and T .

For wz-MgxZn1−xO the plot in figure 1(a) indicates that the GQCA results for T = 300 K
and T = 1100 K largely agree with each other and with the SRS curves. However, the MDM
results deviate from the other cases, which indicates a significant difference between a linear
interpolation of the energy levels of the binary end components and the results from averages
that take all clusters into account to simulate a random alloy. Figure 1(a) clearly shows that
the MDM predicts larger splittings of the uppermost two VB states for intermediate values
of x ≈ 0.2, . . . , 0.6. Both the SRS model and the GQCA agree in finding an increase in the
splitting between these two levels only when x > 0.7, which is accompanied by a remarkable
bowing.

In the case of the isostructural wz-CdxZn1−xO alloy, the MDM curves and the curves
obtained using GQCA for T = 300 K show good agreement (cf figure 1(b)), whereas the GQCA
curve for T = 1100 K is much closer to the SRS result. While the VB splittings are smaller than
those for MgxZn1−xO, it can be clearly seen that the influence of the alloy statistics on the CB
edge is stronger for CdxZn1−xO.
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Figure 2. QP energies (including SOC) of the uppermost three VB and the lowest
CB state at the 0 point for rs-MgxZn1−xO (a) and rs-CdxZn1−xO (b) alloys versus
composition x. The BPE has been used as zero energy. Cluster fractions from
GQCA for T = 300 K (blue curves) and T = 1100 K (red curves) have been
used. The solid green lines are obtained using the ideal cluster fractions and,
in comparison, the black curves show the results from the MDM. For the binary
end components, the band ordering is indicated.

For the structural parameters of wz-MgxZn1−xO and wz-CdxZn1−xO alloys, the same
trends for the agreement between the predictions of the different models that describe the
cluster fractions have been observed before. This was explained using the respective excess
energies [24].

3.2. QP energies: isostructural rock salt (rs) alloys

For the isostructural rs-MgxZn1−xO and rs-CdxZn1−xO alloys, the configurational averages of
the QP energies at 0 for the upper VB region (formed by a fourfold degenerate 0−

8v and a
twofold degenerate 0−

6v state [79] in the case of the binary end components) and the lowest CB
are presented in figure 2. In the band structure of pure rs-CdO (as well as pure rs-ZnO) it has
been observed that due to the pd repulsion, the fundamental band gap is indirect and occurs
between the VB maximum (VBM) at L and the CBM at 0 [7, 23]. Since the 16-atom cluster
cells are larger than the primitive unit cells of an rs crystal (two atoms), the corresponding band
structures of the cluster cells contain folded states, e.g. the uppermost states at L in the fcc BZ
are folded onto the 0 point of the cluster BZ. In general, it is not possible to distinguish between
states that occur also at the 0 point in the BZ of the two-atom rs cell and states that are merely
folded into the smaller BZ of the alloy. The problems that arise from the folding are indicated
in figure 2.
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Figure 3. Difference in the QP energies of the uppermost VB and the lowest
CB state for MgxZn1−xO (a) and CdxZn1−xO (b) alloys versus composition x .
The curves are obtained using wz clusters only (dashed lines), rs clusters only
(dash-dotted lines) or both types of cluster (solid lines). Cluster fractions from
the GQCA for T = 300 K (blue curves) and T = 1100 K (red curves) as well as
ideal cluster fractions (green curves) are used. For comparison, the black curves
show the result from the MDM. The fundamental gaps of the individual rs (red
triangles) and wz (blue circles) clusters are also included.

At least for rs-CdxZn1−xO, the folded bands lie at the top of the VBs and are energetically
well separated from the regular states at 0 for all clusters since the pd repulsion occurs in
both rs-ZnO and rs-CdO away from the 0 point (cf figure 2(b)). Consequently, the VB top
of rs-CdxZn1−xO alloys is formed by these L3v-derived states. However, in the case of the
rs-MgxZn1−xO alloy, this strict separation does not occur since pure rs-MgO has a direct gap
due to the lack of pd hybridization. Thus, as clearly pointed out by figure 2(a), the states
in the alloy band structure cannot be properly assigned and mixing occurs for intermediate
compositions. Due to the difficulties in the assignment of single states, the discussion of integral
quantities, such as the DOSs or the DFs, is more meaningful for the alloys and will be done in
sections 3.5, 3.6 and 4.

Nevertheless, the uppermost VBs of both alloy systems are governed by two effects: (i)
two different groups of VBs emerge for the binary end components (cf figure 2). One group
results from 0−

8v and 0−

6v states that occur at the 0 point in the fcc BZ and that are separated by
the spin–orbit splitting. The other group is derived from the L3v-related states. (ii) An important
influence arises from the spin–orbit splitting, which increases from rs-MgO over rs-ZnO to
rs-CdO [49]. Moreover, it is important to keep in mind that the SOC at 0 is much larger for the
rs polymorphs than for the wz polymorphs due to the effects of pd hybridization [49].

3.3. Fundamental band gaps

Another quantity that is well defined for all clusters is the fundamental band gap, as the
difference in the QP energies of the lowest CB state and the highest VB state. In figure 3, the
configurational averages of the gap values are shown for isostructural as well as heterostructural
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Figure 4. The shaded areas are limited by Eg(x) (upper limit), and Eg(x) −

1Eg(x) (lower limit), as calculated within the SRS model for isostructural
MgxZn1−xO (a) and CdxZn1−xO (b) alloys. The curves are obtained using wz
clusters (dashed lines) or rs clusters (dash-dotted lines) only. The calculated
results are compared with experimental values from [80] (black circles), [81]
(blue triangles) and [82] (red squares) in the case of MgxZn1−xO as well as
those from [20] (blue ‘+’ symbols), [18] (red ‘×’ symbols represent the optical
absorption and black diamonds the photoluminescence) and [21] (green ‘∗’
symbols) in the case of CdxZn1−xO.

MgxZn1−xO and CdxZn1−xO alloys together with the results obtained for the individual clusters
(cf. table 1).

For wz-MgxZn1−xO again, good agreement between the results obtained within the GQCA
and the SRS model is observed, whereas these curves differ slightly from the prediction of the
MDM (cf figure 3(a)). Since, for MgxZn1−xO, the gap values of the individual rs clusters cover
a larger range than do those of the wz clusters, both the GQCA and the SRS curves deviate more
from the MDM results in the rs case. The similarity of the direct gap of wz-ZnO to the indirect
gap of rs-ZnO is the reason why the MDM curves of heterostructural MgxZn1−xO and those of
rs-MgxZn1−xO are very close to each other. The GQCA for the heterostructural system predicts
slightly smaller values.

The indirect gaps found for rs-ZnO as well as rs-CdO become the direct ones for the
16-atom clusters of CdxZn1−xO since the folded states are the uppermost ones for all rs clusters.
Since the fundamental gaps observed for the wz crystal structure are similar to those for the rs
case, the results for the two isostructural alloys are much closer to each other than in the case of
MgxZn1−xO. It can be seen from figure 3(b) that the SRS model leads to the largest deviations,
while the bowing remains small for the other statistics, indicating dependence on the cluster
statistics and, hence, on the sample preparation.

The configurational averages Eg(x) of the gap given in figure 3 can be measured as an
absorption edge for the alloys, provided that excitonic effects are negligible and the optical
transitions are not dipole forbidden. However, the macroscopic alloy is formed by a distribution
of clusters. Therefore, when compared to photoluminescence experiments, it has to be taken
into account that the radiative electron–hole recombination happens locally for the lowest
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Figure 5. Fundamental band gap versus second-nearest-neighbor distance for
isostructural wz (squares) and rs (dots) as well as heterostructural (stars)
MgxZn1−xO and CdxZn1−xO alloys. Configurational averages are depicted as
calculated from the MDM (black), from the SRS (green) and from the GQCA
for T = 300 K (blue) and T = 1100 K (red). Each symbol represents a variation
in the composition by 1x = 0.02. The visible spectral range is marked.

electron–hole-pair energies. Hence, in order to account for the presence of clusters with band
gaps that are smaller than the configurational average, it is necessary to include a certain
deviation. In this work, the respective mean-square deviation 1Eg(x) (cf equation (2)) is
considered to describe this effect. Therefore, in figure 4, the curves describing both Eg(x) and
Eg(x) − 1Eg(x) as calculated within the SRS model for the isostructural alloys are used as
borders of the shaded areas.

Ohtomo et al [80] reported an experimental gap of 4.1 eV for a Mg content of x ≈ 0.33,
which agrees well with the result for the isostructural alloy found in this work as well as
with a value of 4.2 eV derived from DFT in the local-density approximation combined with
scissors operators for the gaps of wz-MgO and wz-ZnO [83]. Experimental gaps of about 6 eV
at x ≈ 0.67 or 7 eV at x ≈ 0.9, as reported by Fritsch et al [81], can be explained by the curves
calculated for the heterostructural or the isostructural rs-MgxZn1−xO alloys derived in this work.
In addition, the occurrence of two different slopes of the curves describing the gap versus the
composition for the isostructural rs and wz alloys (cf figure 3(a)) agrees with the findings
reported in [82]. When compared to experimental values for the composition-dependent gap
reported for CdxZn1−xO in [18, 20, 21], it is observed that the present results tend to slightly
underestimate the experimental ones. This is attributed to the underestimation of the gaps in the
calculations already found for pure ZnO and CdO [7]. Moreover, the optical transitions from
the VBM into the folded states are dipole forbidden, i.e. the fundamental band gap shown in
figure 3(b) tends to be smaller than the optical band gap in the case of rs-CdxZn1−xO.

3.4. Bowing of the fundamental band gap

In order to draw conclusions on the ranges in which the band gaps of the alloy systems can be
tuned and what the corresponding effect on the crystal lattice is, the configurational averages for
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the fundamental band gaps are combined with those of the lattice parameters reported in [24].
The second-nearest-neighbor distances are used for the plot in figure 5, since they represent a
parameter that describes the atomic geometry independently of the lattice symmetry. For wz
crystals, it coincides with the a lattice constant and for the rs structure it is equal to a0/

√
2,

where a0 denotes the cubic lattice constant.
From figure 5, it becomes clear that (depending on the preparation conditions) the variation

of the second-nearest-neighbor distance can amount to 0.1 Å within the same alloy system for
a fixed value of the gap (see e.g. rs-CdxZn1−xO and Eg ≈ 1.5 eV). However, in most cases,
this variation is smaller. Moreover, the plot impressively shows that significant deviations from
the linear variation of the fundamental band gap with the second-nearest-neighbor distance can
occur for the GQCA as well as the SRS model, because the preparation conditions sensitively
affect both the band gaps and the lattice geometries. Consequently, also the bowing of the band
gap has to be taken into account when tuning these properties in experiment.

Such a bowing of the fundamental band gap, i.e. the deviation from a linear variation of
the gap Eg with the composition x , is typically quantified using the bowing parameter b. It is
defined by the expression

Eg(x) = (1 − x) Eg(A) + x Eg(B) − b x (1 − x) (7)

for the gap, in which A = ZnO and B = {MgO, CdO} in the respective crystal structures.
For isostructural wz-MgxZn1−xO, small values for b of 0.48 eV (SRS as well as GQCA for
T = 1100 K) and 0.44 eV (GQCA for T = 300 K) are obtained, which agree well with the
values of 0.56 eV [83] and 0.87 eV [84] from other calculations. With values of 2.58 eV (SRS),
3.12 eV (GQCA, T = 300 K) or 2.74 eV (GQCA, T = 1100 K) the bowing is larger for rs-
MgxZn1−xO, in rough agreement with another calculated result of 3.1 eV [85]. Moreover, in the
present work, it is found that the values for the heterostructural MgxZn1−xO alloy are strongly
temperature- and, hence, preparation-dependent, as they vary from 0.07 eV (T = 300 K) to
1.30 eV (T = 1100 K). Photocurrent measurements of MgxZn1−xO layers with x < 0.3 indicate
a rather linear behavior of the absorption edge [86]. Disagreement with the results for b obtained
in another calculation [87] is found, which arises from the use of a least-squares fit in the present
work as opposed to the use of an approximation based on only three data points in [87].

For both crystal structures of CdxZn1−xO, the bowings obtained within GQCA for room
temperature are smaller than 0.023 eV, whereas the results for T = 1100 K are 0.72 eV (wz-
CdxZn1−xO), 0.18 eV (rs-CdxZn1−xO) or 0.29 eV for the heterostructural alloy. The SRS
model yields even larger values of 0.95 eV (wz-CdxZn1−xO) or 2.51 eV (rs-CdxZn1−xO).
Consequently, there is a nonlinear composition dependence of the fundamental gaps for most
preparation conditions. Unfortunately, no measured values for the bowing in CdxZn1−xO alloys
could be found in the literature. Comparison to a value of b = 1.9 eV derived by Fan et al [84]
from the gaps of individual clusters reveals good agreement. Moreover, as recently found also
for InGaN [88], the curves in figure 3 indicate that a composition-independent bowing parameter
might not be enough to capture the behavior of the band gap over the entire composition range.

Moreover, figure 4 shows that the bowings of Eg(x) − 1Eg(x) (as calculated within the
SRS model) are larger than those of Eg(x). In the case of wz-MgxZn1−xO (rs-MgxZn1−xO), the
respective bowing amounts to 2.84 eV (6.14 eV). For wz-CdxZn1−xO (rs-CdxZn1−xO), a value
of b = 2.33 eV (b = 4.00 eV) is derived for Eg(x) − 1Eg(x).
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Figure 6. Plot of DOS in (eV · pair)−1 (gray lines) of the isostructural wz-
MgxZn1−xO alloy versus composition x . The BPE has been used as zero energy
(black dashed line). The curves are calculated using the cluster fractions from
the MDM (a) or the SRS model (b). As a guide to the eye, the black solid lines
indicate where the DOS in the gap region decreases to 0.01 (eV · pair)−1.

3.5. Densities of states (DOSs): isostructural wz-Mgx Zn1−x O

The configurational average for the DOS of the alloys is obtained as a point-by-point average

of the BPE-aligned QP DOS (without SOC) of the individual clusters according to equation (1).
Since integrating the DOS yields the total number of states, i.e. a number that is additive, no
sum rules are violated when this procedure is applied [89].

In order to clarify the impact of the different cluster statistics, the results for the DOS
of the isostructural wz-MgxZn1−xO alloy obtained within the MDM are compared to those
from the SRS model in figure 6 (the GQCA results strongly resemble those of the SRS
model). As expected for the MDM, figure 6(a) shows that the DOS curves of pure wz-ZnO
linearly transform into those of the pure wz-MgO as x increases. Consequently, the energy
positions and widths of all structures or peaks remain constant and only the respective heights
depend on x (see, for example, the Zn 3d-related structure in figure 6(a)). In contrast, the SRS
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model, in which all clusters contribute, also reproduces the changes of peak widths or peak
positions (relative to the BPE) that can occur with varying composition x (cf figure 6(b)).
Correspondingly, even though the peak caused by the Zn 3d electrons vanishes for both
statistics, figure 6 shows that the SRS yields a narrowing of the respective bandwidth since
more clusters with less Zn atoms contribute to the average with increasing the content of Mg in
the alloy. For that reason, also the peak shape is influenced.

Figure 6 includes lines that indicate where the DOS becomes smaller than 0.01 (eV · pair)−1

as an indication of the behavior of the VBM and the CBM. Due to the strongly dispersive lowest
CB, which appears in all oxides [7, 49], it is difficult to define the lowest-energy conduction
states. In addition, these lines point out that at intermediate compositions x , the fraction of
clusters that have fundamental band gaps close to those of wz-ZnO is not negligible for both
statistics and leads to a finite DOS. While the corresponding CB DOS is very low already for
the bulk materials, this effect is more pronounced for the alloys.

The two series of spectra in figures 5(a) and (b) display another interesting fact.
Independent of the preparation conditions and, hence, the microscopic distribution of MgO and
ZnO bonds, the BPE lies in the CB for x < 0.35. Consequently, the wz-MgxZn1−xO alloys are
likely to show an n-type behavior [77].

3.6. DOSs: heterostructural Mgx Zn1−x O and Cd x Zn1−x O

It was shown recently that the MDM and the GQCA for room temperature predict similar
structural [24] and electronic properties (see above) for the heterostructural MgxZn1−xO or
CdxZn1−xO alloys, respectively. Hence, comparison of the DOS for both cases in the respective
material system shows that the GQCA results for room temperature strongly resemble those of
the MDM. Since, as discussed above, the MDM DOS is merely a linear transition between the
DOSs of the binary end components, in figure 7, the configurational average calculated within
the GQCA for T = 1100 K is shown instead. In this case, the GQCA predicts that more than
50% of the clusters will occur in the wz crystal structure also above x = 0.5 (cf [24]).

Interestingly, figure 7 shows that the peaks related to the Zn 3d electrons evolve into
an O 2p-derived complex for MgxZn1−xO. Above x ≈ 0.7, a structure related to these O 2p
electrons emerges within the Zn 3d states (cf figure 7(a)), since the energy position of the VBM
with respect to the BPE simultaneously decreases with increasing x . Both the increase in the
fundamental gap and the decrease in pd repulsion with increasing Mg content in the alloy lead
to this decrease in the energy position of the O 2p-derived VB complex with respect to the BPE.

For CdxZn1−xO, figure 7(b) clearly shows how the position of the d-derived states
decreases in energy since the Cd 4d electrons are bound together stronger than are the Zn 3d
electrons. In addition to that, the O 2p complex appears at higher energies with increasing x .

4. Optical properties

The optical properties of the alloys, including excitonic and LFEs, are studied by calculating
the imaginary part of the DF for all respective clusters of the expansion. Since, in particular, the
MgxZn1−xO alloys rests to be well investigated experimentally, the focus for the heterostructural
alloys rests on this material system in this paper. As described above for the DOS, the
configurational average for the imaginary part of the DF (averaged over all polarization
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Figure 7. DOS in (eV · pair)−1 (gray lines) of the heterostructural MgxZn1−xO
(a) and CdxZn1−xO (b) alloys versus composition x , as obtained within the
GQCA for T = 1100 K. The BPE has been used as zero energy (black dashed
line). To guide the eye, the solid black lines indicate where the DOS in the gap
region decreases to 0.01 (eV · pair)−1.

directions) is performed at each energy individually using equation (1) along with the different
cluster fractions. Since the squares of the plasma frequencies as well as the dielectric constants
of the clusters are additive, the oscillator-strength sum rule as well as the screening sum rule are
not violated by this procedure [89].

The DFs of the individual clusters are calculated using a supercell approach. Thereby,
confinement effects due to real clustering, i.e. when an alloy with a smaller average gap is
embedded in an alloy with a wider one, are neglected. They might reduce the electron–hole
distance in a real sample and therefore increase exciton binding energies. As discussed for
photoluminiscence above, it is expected that the electron–hole pair preferably recombines in
an area in a real sample with the locally smallest gap. Thus, this area would contribute more
strongly to the spectra, leading to the occurrence of pronounced excitonic peaks also in the
alloys. Moreover, excitons bound to defects may occur for compositions close to the binary end
components, i.e. for very small or very large compositions x .
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Figure 8. Imaginary part of the DF of wz-MgxZn1−xO versus composition x
calculated using the MDM (a) and the SRS model (b). A (B) labels the excitonic
bound state at the absorption edge of wz-ZnO (wz-MgO).

4.1. DF: isostructural wz-Mgx Zn1−x O and wz-Cd x Zn1−x O

To emphasize the qualitative difference between the results from two limiting cluster statistics,
the DF of wz-MgxZn1−xO obtained by means of the MDM is compared to the results of the SRS
model in figure 8. At the onset of the DF of the pure compounds, peaks occur that are associated
with a bound excitonic state at the absorption edge [7, 66] of either wz-ZnO or wz-MgO and
are denoted by A or B, respectively. As already shown for the DOS (cf section 3.5), the MDM
corresponds to a linear transition of the curve for wz-ZnO to the curve for wz-MgO as the value
of x increases. Consequently, both excitonic peaks (A and B) occur for intermediate values of x
in figure 8(a).

Comparison of the MDM result for the evolution of peaks A and B with increasing x to the
one within the SRS model (cf figure 8(b)) reveals the strong dependence on cluster statistics.
When the DFs of all clusters are taken into account for the configurational average, peaks A and
B only occur in the x range close to the binary end components. For intermediate compositions,
a very broad structure dominates the absorption edge. While this is in clear contrast to
what was observed in figure 8(a), such a behavior has been reported in a spectral study of
the photocurrents for wz-MgxZn1−xO for various x [86]. This indicates that the deposited
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Figure 9. Imaginary part of the DF of wz-CdxZn1−xO versus composition x
calculated using the SRS model. A (B) labels the excitonic bound state at the
absorption edge of wz-ZnO (wz-CdO).

wz-MgxZn1−xO layers [86] possess a microstructure close to the one of a random alloy, since
there is no clear indication of a clustering of pure MgO and ZnO, which would lead to spectra
with the line shape given in figure 8(a). However, such a line shape caused by excitonic effects
was found for the peak at the absorption edge reported for thin films in [19].

The same trends are observed for wz-CdxZn1−xO. As discussed in section 3.6, for this
alloy, the MDM results are close to those of the GQCA for T = 300 K and the SRS results
are similar to the GQCA results for T = 1100 K. As can be seen in figure 9, a pronounced
excitonic peak occurs also close to the absorption edge of wz-CdO (in contrast to rs-CdO [7]).
However, since all clusters contribute to the configurational average within the SRS model, it
is strongly broadened for intermediate compositions. Nevertheless, the result in figure 9 shows
that for small compositions, the excitonic peak of ZnO should still be visible as it has been
found in absorption measurements [20]. In any case, a strong dependence of the structure of
the absorption edge on the cluster fractions is observed. Therefore, in experiment it should
be evident if larger regions of the pure material occur on a microscopic length scale in a real
sample.

Figures 8 and 9 also depict the evolution of the peak structures with the composition at
higher photon energies. Again it is observed that the SRS model tends to yield broad structures
instead of distinct peaks. The origin of these peaks has been discussed in detail for rs-MgO,
wz-ZnO and rs-CdO in [7].

4.2. DF: heterostructural Mgx Zn1−x O

In addition to the configurational averages for the DFs of the isostructural alloys, those for the
heterostructural MgxZn1−xO alloys are also calculated, since this material system is important
from an experimental perspective [15, 16, 19, 86]. In figure 10, the result obtained using
the SRS is shown. In comparison with the DFs discussed for isostructural wz-MgxZn1−xO,
figure 10 shows a totally different behavior: excitonic peaks that arise from both the wz and
the rs absorption edges are visible for each end component, because wz as well as rs clusters
contribute to the configurational average. The corresponding peaks are denoted by A and A′ as
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Figure 10. Imaginary part of the DF of heterostructural MgxZn1−xO versus
composition x calculated using the SRS model. A (A′) labels the exciton bound
state at the absorption edge of wz-ZnO (rs-ZnO), whereas B (B′) denotes that of
wz-MgO (rs-MgO).

well as B and B′, respectively. For both binary limits, ZnO and MgO, the peak arising from the
bound excitonic state of the wz polymorphs (A and B) occurs at lower photon energies than does
that of the rs polymorphs (A′ and B′). This suggests that if significant amounts of both crystal
structures occur in the macroscopic alloy, this should be clearly visible in the respective DF for
alloy compositions close to the binary limits. However, as observed in the previous section, these
peaks are significantly smeared out for intermediate compositions due to the configurational
average for the SRS model.

5. Summary and conclusions

The electronic and optical properties of isostructural as well as heterostructural pseudobinary
MgxZn1−xO and CdxZn1−xO alloys have been calculated using a combination of recent
theoretical-spectroscopy techniques and a cluster expansion method. This approach has been
applied to study the dependence of the fundamental band gap, the DOS or the DF on the
composition of the alloys and to investigate the impact of the preparation conditions on these
properties.

It has been shown that it is not feasible merely to interpret the splittings between the
uppermost valence states in the QP band structure in terms of crystal-field splitting and
spin–orbit-induced splitting. Configurational averages for the fundamental band gap of the
alloys have been computed and used to derive the respective bowing parameters with varying
composition, taking the preparation conditions into account. In agreement with experimental
findings and other calculated results, remarkable bowings were found. Thus the effect is much
stronger for MgxZn1−xO than it is for CdxZn1−xO.

Moreover, configurational averages for spectral quantities, such as the DOSs of the
isostructural and heterostructural alloys, as well as their DFs, were calculated. These results
were used to investigate the behavior of the absorption edge and of high-energy peaks in the
DOSs and the DFs with varying alloy composition or for different preparation conditions.
The electron–hole interaction was taken into account for the calculation of the DFs, enabling
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a study of the trends of the peaks related to bound excitonic states at the absorption edge.
Since the occurrence of excitonic peaks in absorption spectra should be distinctly observable in
experiments, these results can contribute to investigations of the composition of the alloys.
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